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We present the exact solution of the Dirichlet problem for a region bounded by the sur-
faces of » torus, two intersecting spheres and two semi-planes passing through the axis
of symmetry. In the course of our proof we found it necessary to derive a special trans-
formation formula for an integral transformation in spherical functions with complex
indices, representing » generalization of the Mehler-Fock transformation. Possible
application of the obtained results to some problems of mathematical physics and of
the theory of elasticity, are indicated.

1, Introducing the toroidal ccordinates connected with the Cartesian system by
__ asinhdt COS @ _ asinhaSing ., . asinB (1.1

TeosmaeosB 0 Y Teshafoosi’  F T g icosh
we obtain the following equations for the boundary surfaces
a = Qg B =P B = Bas ¢ =0, P =y
(see Fig, 1 showing the meridional cross section),

We shall seek the solution w(Q ,B, ®) of the Laplace’s equation in the region
ag <o < oo, Py <P<T Py O0<Tp<y, satisfying the following boundary condi-

tions
~ u (Ct, ﬁa 0) =u (a, B, 'V) = U (ag, B, @) = 0
z 6&.} u (oo, B, ¢) < oo 1.2)
el
N3 u @, Br. @) = fi (@ @) (k=12) (1.3)
- SN where Ji(Q, @) are given functions. If the solution of the
ﬂ %@ stated problem is sought in the form of a Fourier series
D p=0 % B . o . m .
B U == 2 Um (2, B) s i, m = T (14}
- m=1
B8 \\ then for 4y we have (1.5)
\; D (r Fm) y 8 (1 Qup b
\\\ da < a da )+ BB( a _Z)Em)_“sinha(coshm%—cosﬁ) =0
Substitution [1]
Fig. 1 Up = Veosna -+ cos B F (a) D (B) (1.8)
allows us to separate the variables and obtain
1 d ¢ _ dF [T } _
sinh 3 dot (’mamﬁ&“>—[v(v+l) + sioh® & F=0 (1.7)
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d*h / ]2y
T - (\ -+ _)) =0 (1.8)
Changing in (1. 7) the variable X = coshQ , assuming that #(Q}= (X ) and 1aking

the boundary conditions ' (Qg) = 0 and F(®) <® into account, we arrive at the

following singular boundary value problem : (1.9
(@ —yT +(h— =)y =0, 2<z<oo, y(@)=0, y(eo)<oo
Where zo =iy, A= —v ¥+ 1), . (1.10)

We shall show that this problem has a continuous spectrum of eigenvalues,
Considering first the region Re v> 0 we find, that the Legendre functions i/ =Q,*{(x)
will be eigenfunctions, while the eigenvalues will be given by
Q% (zo) = 0 (1.11)
Expansion of Q,* (x) into a hypergeometric series shows at once that the equality
(1,11) cannot be fulfilled for real values of v>—1, Let us assume that the eigenva-
lues are complex and let us construct, with the aid of (1, 9), the following integral rela-
tion : _ %
(=) \ yyde = Tim [(2— 1) @ — 391 (1.42)
- Xo X—0a
Here }/ and Y are complex conjugates, Going to the limit with Re v>—5 we
obtain the identity = 0 which conuadicts the previous assumption. Thus, for Rey>(
Equation {1.11) has no roots, i.e. no eigenvalues.
It remains to consider the region (*)

—1 < Rev <0 (1.13)
where eigenfunctions exist, which can be expressed in terms of Legendre functions of
first and second kind in the following manner ;

y = C[Q7 (xg) PY (z) — PY (z0) QY ()] (1.14)
Thus, the boundary value problem (1. 9) has a continuous spectrum of eigenvalues con-
tained within the strip (1. 13).
It is convenient to put ) b
=— 5+ C::W(;h——ir)n
since, on this substitution, both the eigenfunctions and the eigenvalues ( A= TB + rjz)

become real.
Solving next (1. 8), we arrive at the following expression for the functions U (Q., B)
to be determined d 16)

(1.15)

= Ve T 05 B \ [As (D)sont (B — B0+ 4a (5) st Ba — B)] 55 0

-

o S
y(z, 1) = m [Q—tfisix (Z0) Pfisin (2) — Pfiuie (#0) Oty ()] (1A7)

It remains to satisfy the nonhomogeneous condition (1. 3) expressed as

"} The region Re V— 1 need not be considered separately, since the eigenvalues do
not change when v is replaced by — v —1.
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o«

s

Fy(@)= \ 4x(v)y (z, ©)dv k=1, 2) (1.18)
4]
the left-hand sides of which, in terms of given functions Jfi(a , ), are
Y

Fy(z) = ,.,;_, (cosh o -+ cos By) " ka (=, @) sin ppde (1.19)

v
In this manner the problem under consideration leads to the necessity of expanding
the given function f( x) into an integral in eigenfunctions of the boundary value
problem (1. 9) ot

[(z) = 5 F(1)y(z, 1)dr (1 < 29 <L 7 L o) (1.20)
2, Relation allowing ﬂ‘l\’e determination of 7(T) from the expansion (1, 20), has
the form
F(x 7e inh 7ie 2)y(z, t)dz 2.4)
O S T+ P o G 5 f@)y )

and can formally be obtained by a method similar to that of Titchmarsh {2]. Consider
the solution of the following partial differential equation

a du p? du
@V = 5 (2.2)

with the conditions
u (xo, t) = 0, u (00, t) < o0, u(xl O) = f (IC) (2'3)

Applying Laplace transforms, we obtain the solution of this problem in the form

[od] g+ico
— pmipm k 1 Piv—p+1) [G(z, & p)
u(e t) = e\ FE) dE o S T TetD gy OO (29
Xo i v

where :f‘—w:w 5 @<k
Gt 1(2) U < 2.5
(= & p) = { Vi) Ue@) (z3E) )
Uy = Q% (x0) PV (z) — Py (z0) QY (), U, = Q¥ (z) (2.6)

v=—1+¥Vp+ Y ReYp+ >0 2.7)

Transforming the complex integral appearing in (2, 4) into the sum of integrals along
the sides of a cut made along the segment (—%®, — ) of the real axis of the plane of
the complex variable D , changing the order of integration in (2. 4) and putting £= 0,
we obtain @

f(z) = ' Tsinhrtty (2, T)dT { z 5,0 d 2.8
(2) = 5,1,(,“””), TR é'f(s)y( ydE (2.8)
which, equated to (1,20), yields (2. 1),

Let us introduce the integral transformation
o]

F (1) = 5 f@ye, v)dz 2.9)

No

of f(x) in terms of eigenfunctions Y (x, T); by (" 8), we obrain the following
transformation formula

f(x) =

nt sinh xv S

VL (et it W QL (o) 2 My, vde  (2.40)
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which is, apparently, new,

Next we shall show some particular cases of the obtained expansion.

When X = 1, the toroidal segment under consideration becomes a sector (0 <Y <V}
of a solid lens (0 S =%, B, <B<Bgz) . Corresponding boundary value problem
transforms (2, 8) into (.11

w /
r < i it—p) i“ Pl (x)de 5 (8) Poibiz (8 dE
L

Another variant is obtained when W=7 (M =0, 1, 2, .,.), in which case (2. 8)

yields; (z) = (_i)m v '1‘("/2 AT '?l)'f‘anhﬂ?f"/m (7 1) ] v 33 12 {242
S P (s it - m) 1Q_T ) “’ (7o) P € TS f(E) Yo (Es T)d: (2. 4*}

0
Ym (@, 7)== QL (20) PUiz (0) — P, iz () Ol () (2.13)

This corresponds either to the value Y =11 or to the conditions of the fourth kind at
the ends of the interval 0S @ S 21T (a "complete"” toroidal segment), and in the latter
case the expansion (1, 4) is made in terms of €™® from ~ to +w,

When both limit transitions (Xg =1, H=/7) occur simultaneously, Formulas (2. 11)
or (2, 12) yield the integral Mehler-Fock expansion [3 and 4] (*) in terms of associated
Legendre Functions

flx)y= 1? S Tsinh v

Xy

(o]
f(x)==b—1y"3 £§4"£{§§f$§ anhat T uwn(x)erf(g)PJﬁwzg)dg (2.14)
0 1

3, Results obtained in Sections 1 and 2 allow us to obtain solutions for boundary
value problems of electrostatics, heat conductivity, and so on, for the considered regions.

As an example, we shall show an interesting limiting case of a torus with a cut, when
ng°81 =17, and H.:m.

This is a set-up obtained during the determination of electrostatic field between a
toroidal envelope (Q =(g ) and a plane ring (B =+ 77) , maintained at different poten-
tals,

Transformation formula obtained can also be used in some problems of the theory of
elasticity, in particular in the problem on torsion of 2 "complete” toroidal segment
under the action of forces applied to the spherical parts of the surface, A similar prob-
lem [5] reduces to solution of equation for the stress function ¢

AD— 2 =0 3.1)

with the values of the sought function given on the surfaces B + B, and 0 =Qq ; ircan
be considered that & = 0 when a0 =g .
Putting 8 =7 W we obtain, for W

AW —

F=0 (3.2)

Last equation becomes zero for & =g , and its particular solutions are
W.(a, B) = Veoha + cos Betfiy, (z, 1), T = coshct (3.3)

Functions }/5 are found from (2, 13) by putting 72 =2, In this manner the solution

*} See also N, N, Lebedev, Some integral ransformations of mathematical physics,
Author's doctoral dissertation, Leningrad, 1951,
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of our problem can be represented by
0
ioh? o . yadv
(I)=-——s————-—.——g Ay sinbt (B — Ay sinhy (35 — (3.4
(coshet |- oS B)V' ) [4, (B Bl) + Ay (B B)]smhr (B: — B)) )
{
and the unknown quantities 4,( T) (%= 1, 2) can be found at the given values of ¢
when B =8, . by means of the wansformation formula (2, 12), as follows

==
Ttanhyyy

(1/4 + 1) ) Qe (o) [P S

(Ci Bh) (‘70550( -+ cos Bh)% y‘dd‘ (35)
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